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Abstract 

We define a new spectrum for compact length spaces and Riemannian manifolds called the 
"covering spectrum" which roughly measures the size of the one dimensional holes in the space. 
More specifically, the covering spectrum is a set of real numbers S > which identify the distinct 
5 covers of the space. We investigate the relationship between this covering spectrum, the length 
spectrum, the marked length spectrum and the Laplace spectrum. We analyze the behavior of 
the covering spectrum under Gromov-Hausdorff convergence and study its gap phenomenon. 

1 Introduction 

One of the most important subfields of Riemannian Geometry is the study of the Laplace spectrum of 
a compact Riemannian manifold. Recall that the Laplace spectrum is defined as the set of eigenvalues 
of the Laplace operator. The elements of the Laplace spectrum are assigned a multiplicity equal to 
the dimension of the corresponding eigenspace. 

Another spectrum defined in an entirely different manner is the length spectrum of a manifold: 
the set of lengths of smoothly closed geodesies. There are various methods used to assign a mul- 
tiplicity to each element of the length spectrum. The simplest notion is to count all geodesies of 
a given length. This becomes uninteresting when one has continua of geodesies of the same length 
as in a torus, so that all or some multiplicities become infinite. A common alternative definition of 
the multiplicity of a given length is the number of free homotopy classes of geodesies that contain a 
smoothly closed geodesic sharing that length (c.f. jGolp . We will use the latter definition. 

It was proven by Colin de Verdiere |CdVj that the Laplace spectrum determines the length 
spectrum of a generic manifold. (See also Duistermaat-Guillemin's paper |DuGup . In particular, 
the Laplace spectrum determines the length spectrum on negatively curved manifolds of arbitrary 
dimension. However, there are pairs of isospectral manifolds first constructed by Carolyn Gordon 
|Gol| that have different length spectra when one takes multiplicity into account. These pairs are 
Heisenberg manifolds and Pesce has since shown that the length spectrum, not counting multiplicity, 
is determined by the Laplace spectrum on Heisenberg manifolds |Ps| . 

There is also a concept called the marked length spectrum which gives the lengths of smoothly 
closed geodesies freely homotopic to a representative of each element in the fundamental group. 
One has the remarkable result that compact surfaces of negative curvature with same marked length 
spectrum are isometric jOtI ICrl IFaj . This is not true in general, as the sphere and the ZoU sphere 
have same marked length spectrum but are not isometric |Ijes| . Gornet has shown that Laplace 
isospectral nilmanifolds with the same marked length spectrum need not be isometric or have the 
same spectrum on one forms jGrnt| . 

In this paper, we have defined a new spectrum for compact Riemannian manifolds which we call 
the covering spectrum [See Defn IXT] . In fact, this spectrum can be well defined on compact length 
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spaces [Dcfn ITT] . Note that it isn't too difficult to extend the concept of a length spectrum to such 
spaces, but there is no natural Laplace spectrum unless one adds an appropriately defined measure 
on the metric space, (see e.g. jChCo2ii Section 6]). 

The authors first defined a special sequence of covering spaces for a given complete length space, 
X, called the delta covers of X in |SoWeilj (see Defn 12. 3|) . We used these delta covers to study 
the fundamental groups of these spaces and their universal covers. In particular, we proved that 
the universal cover of a compact length space X & 5 cover for a sufficiently small real number 5 
[SoWeill Proposition 3.2]. We can now show that a compact length X has a universal cover iff there 
is only a finite set of distinct delta covers [Thm . We have named the corresponding finite list 
of distinct real numbers the "covering spectrum" of X [Defn 13.11 . Roughly, this covering spectrum 
lists the sizes of one dimensional holes in X. For example, the covering spectrum of a 1 x 3 flat 
torus is {1/2, 3/2} and the covering spectrum of the standard RP^ is {7r/2}. Recall that if X is a 
compact Riemannian manifold, then it is a length space and has a universal cover, so its covering 
spectrum is well defined and finite. 

Compact length spaces have grown in interest among Riemannian Geometers in recent years 
because they are the natural limits of Riemannian manifolds using Gromov's compactness theorem 
|Gr| . Gromov-HausdorfF limits of Cauchy sequences of Riemannian manifolds with a uniform up- 
per bound on diameter are compact length spaces and, with appropriate curvature bounds on the 
manifolds, they are metric measure spaces jGr| jChColj . Cheeger and Colding have proven Fukaya's 
conjecture that the Laplace spectra of a sequence of manifolds with a uniform lower Ricci curvature 
bound converge to the Laplace spectrum of the metric measure limit space ChCo"^ . It is important 
to note that one needs metric measure convergence of the manifolds not just Gromov-Hausdorff 
convergence to control the Laplace spectrum in this way |Fu| . 

On the other hand Gromov-Hausdorff convergence does not interact well with length spectra 
in general. This is because closed geodesies can disappear and appear in the limit and the length 
spectrum of the sequence doesn't converge to the length spectrum of the limit (c.f. Examples 18.11 - 

E31). 

Here we have shown that the covering spectrum interacts very nicely with Gromov-Hausdorff 
convergence [Thm llOj and is fairly easy to define both on manifolds and limit spaces. This follows 
from the fact that the delta covering spaces are well controlled when the base spaces converge in the 
Gromov-Hausdorff sense [Theorem 17. 3j and So WeilL Theorem 3.6]. Another interesting property 
is that the covering spectrum, when assigned an appropriate multiplicity, may be used to study 
fundamental groups [Defn IFTTl Prop 16.4] . 

We prove that every element in the covering spectrum is (1/2) of an element in the length 
spectrum [Thm 14.7) . We also prove that the marked length spectrum determines the covering 
spectrum on any compact length space with a universal cover [Thm 15. 7| . We also discuss the 
relationship between the covering and the Laplace spectra on compact Riemannian manifolds and 
give a number of examples as described below. In particular we construct Laplace isospectral 
Heisenberg manifolds with different covering spectra [Ex llQ.3] . 

The paper is organized as follows: 

In Section 121 we provide all the necessary background including the definition of delta covers and 
some key examples. In particular we recall that a universal cover is a cover of all covers and that 
the Hawaii ring is a compact length space with no universal cover. 

In Section we define the covering spectrum, CovSpec{X), for an arbitrary compact length 
space, X, and prove that CovSpec{X) is discrete and Cl{CovSpec{X) C K) C CovSpec{X) U {0} 
[Prop 1^21 • We then prove that CovSpec{X) is finite iff X has a universal cover [Thm . 

In Section ^ we restrict our attention to compact length spaces that have a universal cover. 
We extend the definition of length spectrum, [Dcfn l4.2t o these spaces and prove Theorem 14.71 
that CovSpec{X) C {l/2)LengthSpec{X). We then further restrict ourselves to compact length 
spaces with simply connected universal covers and extend the definition of the minimal length 
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spectrum [Defn W^W\ . We prove this spectrum is closed and discrete and that CovSpec{X) C 
(l/2)MinLengthSpec{X) [Theorem . 

In Section |S1 we extend the definition of the marked length spectrum to these compact length 
spaces with universal covers [Defn 15. 1| . Note that to extend the definition of the marked length 
spectrum which ordinarily depends on the fundamental group of the manifold, we use the "revised 
fundamental group" instead. This is the group of deck transforms of the universal cover [Defn . 

We then prove Theorem 15 . 71 that the marked length spectrum determines the covering spectrum. 
In fact, Thm 15.71 also relates the covering spectrum to a special sequence of subgroups of the revised 
fundamental group, which is then used to define multiplicity for the covering spectrum in Section|3 

As one would expect the covering spectrum contains less information than the length spectrum. 
This can also been seen in our example of a smooth one parameter family of nonisospectral tori 
with a common covering spectrum [Example 15. 6| . Note that flat tori are isospectral iff they share 
the same length spectrum and and are determined up to isometry by their marked length spectrum 
|Go3| . On the other hand length spectrum alone doesn't determine the covering spectrum. We have 
examples of compact Riemannian manifolds with a common length spectrum but a distinct covering 
spectrum [Example 1 5. 10| . 

In Section we define multiplicity [Defn 16. 1| for the covering spectrum, and find a bound on 
jj=rn{CovSpec{X) n [a, 5]) for a > 0, where #m is the cardinality of the set counting multiplicity 
[Lemma l6.2| . We also define a special set of generators of the revised fundamental group [Defn lHTT] 
that we call the short basis. Roughly, these are the elements of the revised fundamental group 
represented by loops wrapped one time around a single hole in the space. We prove this set generates 
the revised fundamental group in Proposition 16 . 41 and show that the number of elements in this set 
is #^{CovSpec{X)). 

In Sectional we focus on the relationship between the covering spectrum and Gromov-Hausdorff 
convergence. We begin by studying the Gromov-Hausdorff convergence of the delta covers, proving 
that if Xi converge to X in the GH sense, then a subsequence of the delata covers Xf converges 
as well [Theorem 17.3) . This involves reworking Gromov's precompactness theorem and carefully 
controlling the group of deck transforms of a delta cover. In Example 17.41 we show it is necessary 
to use a subsequence and in Example 17.51 we show that universal covers need not have converging 
subsequences. An immediate application is that if we have a GH compact class of compact length 
spaces with universal covers, then for & > a > 0, ^m{CovSpec{X) n [a, b]) is uniformly bounded on 
this class [Cor 17. 7| . One can also use the precompactness of the (5-covers to show that the revised 
fundamental groups of such a compact class with an additional uniform lower bound on the first 
systole, have finitely many isomorphism classes extending Theorem 5 in jShWj . 

In Section |H1 we prove that if compact length spaces Xi converge to a compact length space Y 
in the GH sense, then the covering spectra converge [Thm . In particular, 

lim dH{CovSpec{X,) U {0}, CovSpec{Y) U {0}) -> (1.1) 

i — 'oo 

where dn is the Hausdorff distance between subsets of the real line [Cor l8.5j . Note that it is easy to 
see that when 1/j x 1 tori converge to a circle, there are elements of the covering spectrum which 
converge to 0. Note also that if Mi are compact Riemannian manifolds with Ricci{AIi) > — (n— 1)H 
and diam{Mi) < D, such that Mi converge to Y, then ^{CovSpec{Mi)) > jf{CovSpec{Y)) for i 
sufficiently large (not counting multiplicity) [Cor l8.6| . 

We also prove that connected classes of compact length spaces with a common discrete length 
spectrum, have a common covering spectrum [Theorem 18. 7| . In particular, a one parameter family 
of compact Riemannian manifolds with a common length spectrum must have a common covering 
spectrum [Cor l8.8j . 

In SectionOwe study the gap phenomenon of the covering spectrum in certain classes of compact 
length spaces with universal covers [Prop 19.21 and Prop 19.6] . We apply these results and .SoWeiTl 
Theorem 1.1] to describe the gap and clumping properties of the covering spectra of Riemannian 
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manifolds with Ricci{Mi) > — (n — 1)H and diam{Mi) < D and their limit spaces [Cor 19.51 and 
CorPTTI. 

In Section 1101 we relate the covering spectrum with the Laplace spectrum of a manifold. We 
first easily show that if we have a class of negatively curved compact Riemannian manifolds with 
a common Laplace spectrum, then there are only finitely many possible covering spectra in this 
class [Prop ITirT] . We conjecture that this is true without the negative sectional curvature condition 
but with a uniform upper bound on diameter [Conj 110. 2j . In Example 110.31 we give a pair of 
Heisenberg manifolds which are Laplace isospectral and yet have distinct covering spectra. This 
example heavily uses the work of Carolyn Gordon in Gol , but it should be noted that her famous 
pairs of Laplace isospectral Heisenberg manifolds with distinct length spectra in fact have the same 
covering spectrum. We close by demonstrating that special pairs of Sunada isospectral manifolds, 
the ones he attributes to Komatsu Su, Ex 3], always share the same covering spectrum and, in fact, 
have only one element in that covering spectrum [Prop [TU3j . 

The authors would like to thank Carolyn Gordon for conversations and references regarding the 
length and Laplace spectra. We'd also like to thank Jeff Cheeger for suggesting that we investigate 
the possible existence of a gap phenomenon related to Theorem 1.1 of |SoWeil| . 

2 Background 

First we recall some basic definitions. 

Definition 2.1 A complete length space is a complete metric space such that every pair of points 
in the space is joined by a length minimizing rectifiable curve. The distance between the points is 
the length of that curve. A compact length space is a compact complete length space, (c.f. jBBIp . 

Definition 2.2 We say X is a covering space of X if there is a continuous map n : X X such 
that Va; G X there is an open neighborhood U such that tt~^{U) is a disjoint union of open subsets 
of X each of which is mapped homeomorphically onto U hy n (we say U is evenly covered by tt). 

Let U be any open covering of Y. For any p e F, by |Sp| Page 81], there is a covering space, Yu, 
of Y with covering group ■7Ti{Y,U,p), where ni{Y,U,p) is a normal subgroup of Tri{Y,p), generated 
by homotopy classes of closed paths having a representative of the form a^^ o /3 o a, where /? is a 
closed path lying in some element of U and a is a path from p to /3(0). 

Now let's recall the (5-covers we introduced in (SoWeilj . 

Definition 2.3 Given (5 > 0, the S-cover, denoted Y^ , of a length space Y, is defined to be Yu^ 
where Us is the open covering of Y consisting of all balls of radius 5. 

The covering group will be denoted tti {Y, S, p) C tti {Y, p) and the group of deck transformations 
of Y^ will be denoted G{Y, 5) = vri (F, p)/7ri (F, 5,p). 

It is easy to see that a delta cover is a regular or Galois cover. That is, the lift of any closed loop 
in Y is either always closed or always open in its delta cover. 
We now state some very simple lemmas: 

Lemma 2.4 //tt :Y -^Y is a covering map between complete length spaces and\fy £ Y , '!r~^{By{r)) 
is a disjoint collection of balls of radius r in Y, then Y^ covers Y . 

Proof: Recall that in [Sp| Ch2, Sec 5, Lem 11], Spanier shows that if tt : y ^ F is a covering 
projection and lA is an open covering of Y such that each of its open sets is evenly covered by tt, 
then Yu covers Y . Here U is the collection of balls of radius r, so we need only show that these balls 
are evenly covered by tt. 
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Let By{r) C Ti~'^{By{r)). We need only show tt : By{r) By{r) is a homeomorphism. In fact, 
by the hypothesis, it is a covering map. Thus if it is not 1:1, there are two preimages of y: yi and 
y2- Note that By.{r) is a connected subset of iT^^{By{r)), so it is a subset of By[r) in which case 
y — yi and tt is 1:1. I 

Example 2.5 Suppose Y is a flat 3x2 torus: S\ x. S\, then it has the following delta covers: 

Y^ = Y ford> 3/2, 

= X M /or 5 e (1,3/2], 
Y^ = for S e (0,1]. 

Lemma 2.6 The S covers of complete length spaces are monotone in the sense that if r < t then 
covers X*. In fact is the r -cover of the complete length space X* . 

Proof: Let Yt = X*. We need only show Yt^ — X^ for r < t. 

Applying Lemma 12.41 to balls of radius r in X. These must lift to unions of disjoint balls of 
radius r in Yt . Thus X^ covers Yt . 

Recall from Sp . Ch2 , Sec 5 , 8] that if V is an open covering of X that refines U , then ni{X,V,p) C 
■7Ti{X,U,p), or Xv covers Xu. 

Thus, clearly, X"^ covers Yt — X*. 

Now we apply Lemma [2 .41 to balls of radius r in Y^. These must lift to unions of disjoint balls of 
radius r in X'', as can be seen by first projecting them down to X. Thus Yt covers X^ and we are 
done. I 

In the following lemma we restrict ourselves to compact length spaces. 

Lemma 2.7 The 5-covers of a compact length space X are lower semi- continuous. In fact, for any 
S > 0, there exists e G (0, S) such that X'^ — X^ . 

Proof: If not, there is a sequence of Si S increasingly, such that X^' ^ X^ for each i. Namely 
there exist a sequence of closed curves 7^ in X with length ^(7^) < 2diam(X) + 25i, which lifts to an 
open curve in X^^ but an closed curve in X^ . Parametrize each curve by the unit interval [0, 1] with 
constant speed. Since X is compact, by Arzela-Ascoli theorem, there is a subsequence of 7^ which 
converges to some closed curve 7 : [0, 1] X uniformly. So d{'-fi{t),j{t)) < S/2 for all i large and 
t S [0,1]. Hence 7^,7 lift the same to the covering spaces X^% X^ for i large. That is, 7 lifts to 
an open curve in X^^ for all i large and a closed curved in X^. From Definition 12.31 7 lies in some 
finite union of open (5-balls in X, so it must also lie in some union of open (5'-balls for some d' < S, 
which contradicts to that 7 lifts to an open curve in X^' for all i large. I 



Example 2.8 The Hawaii ring (c.f. [Sp^ ) is a compact length space which consists of an infinite 
set of rings of radii ri decreasing to 0, all joined at a common point. This space has an infinite 
sequence of distinct 6 covers as S converges to 0. 

A modified complete noncompact Hawaii ring can be created by taking an infinite set of rings of 
radius ri increasing to ro ~ 1. This space also has an infinite sequence of distinct d covers as d 
approaches tq. 

In both of these spaces, the X'^^' are all distinct covers. 

This example demonstrates that the compactness hypothesis in Lemma 12.71 is necessary. 
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3 The covering spectrum 



We now define the covering spectrum by singling out the dehas where the delta covering spaces 
change. 

Definition 3.1 Given a complete length space X, the covering spectrum of X , denoted CovSpec{X) 
is the set of all 5 > such that 

X^ ^ X^' (3.1) 

for all S' > S. 

Since the (5-covers are monotone, this is equivalent to say for any e > 0, there exists (5' with 
< S' - S < e such that 

X^ ^ X^' . 

In general, for a compact length space X, the CovSpec(X) lies in (0, diam(X)/2]. 
In our above examples the covering spectrum of the flat 3 by 2 torus is {1, 3/2}, and the traditional 
Hawaii ring with infinite circles of radii is {irri : i € N}. 
We have the following property of the covering spectrum. 

Proposition 3.2 For a compact length space, X, its CovSpec{X) is discrete and Cl{CovSpec{X) C 
M) C CovSpec{X)\J {Q}. 

Proof: Since zero is not in CovSpec(X), if CovSpec(X) is not discrete, we can assume it has 
an accumulation at some (5 > 0. In fact we can assume there is a strictly decreasing sequence of 
5i € CovSpec{X) converges to the ^ > since J-covers are lower semi-continuous ('Lemma I2.7|l . 
Let 7i be a loop at p £ X such that 7^ lifts trivially to X^' but nontrivially to X^^+^ with length 
Kli) — 2diam(X) + 2Si. Parametrize each curve in the sequence by the unit interval [0, 1] with 
constant speed. Since X is compact, by the Arzela-Ascoli theorem, there is an uniformly converging 
subsequence, which we will still call So there is an i sufficiently large that c?(7i(t), 7i+i(t)) < S 
for all t £ [0, 1]. Since 6i > S the covering maps are isometric on 5 balls for all i, so 7i,7i+i lift the 
same to the covering spaces X^\ X^'+'^, contradicting that 7^+1 lifts trivially to X^'+'^ and ji lifts 
nontrivially to ^'''+^. Therefore CovSpec(X) is discrete. I 

The example of the Hawaii ring shows that could be in the closure of the covering spectrum 
of a compact length space. Proposition 13 . 21 is not true for a noncompact complete length space as 
another revised Hawaii ring, the union of the sequence of circles with a common point and radius n 
decreasing to 1, shows. 

We now turn to a discussion of the existence of universal covers. The original compact Hawaii 
ring with r,; — > is a classic example of a compact length space with no universal cover. Recall the 
definition of a universal cover. 

Definition 3.3 'Sp', pp 62,83] We say X is a universal cover of X if X is a cover of X such that for 
any other cover X oi X , there is a commutative triangle formed by a continuous map f : X X 
and the two covering projections. 

In |So Weill Prop. 3.2] we proved that if a compact length space Y has a universal cover Y then 
y is a delta cover. In fact, Y has a universal cover iff the delta covers stabilize: there exists a. 60 > 
such that Y^ = Y^« for all 6 < Sq |So Weill Thm 3.7]. Clearly the delta covers of the Hawaii ring do 
not stabilize. 

Theorem 3.4 For a compact length space X, its universal cover X exists iff it's covering spectrum, 
CovSpec{X) , is finite. 
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Proof: If the CovSpec(X) is finite, then Sq = mm{CovSpec{X)} is positive. So the ^-covers stabihze 
and by |SoWeiII Thm 3.7] the universal cover of X exists. 

If the universal cover X oi X exists, then CovSpec(X) lies in [Sx, diam(X)/2] for some Sx > 0. 
By ProDOsition l3.2l the GovSpec{X)r\[Sx,diam{X)/2] is closed and discrete. Therefore CovSpec(X) 
is finite. I 

Although the covering spectrum is defined using layers of covering spaces, =ff{CovSpec{X)} does 
not count the total number of covering spaces of X. The S covers are a very small selection of 
covering spaces. Clearly the 3x2 torus has many covering spaces that are tori and cylinders which 
are not delta covers (i.e. S^^ x 5*2^ , M x 5*2^ and 5*3^ x R). Furthermore, the lens spaces, mod Z*^ 
with the standard metric only have one i5-cover, 5*^, although they often have many covering spaces. 

The covering spectrum can intuitively be though of as capturing the size of holes in the length 
space. For the 2x3 torus, it captures information about both of the holes in the torus: both of the 
generators of the fundamental group. The fact that ^{CovSpec{X)} ~ 2 in this example is strongly 
related to the fact that there are two generators of the fundamental group. 

On the other hand, the covering spectrum of a 1 x 1 torus has only one clement because both 
holes in this torus have the same size. Later on, we will define multiplicity for the elements of the 
covering spectrum, which will better enable us to capture the fact that there are two "holes" in this 
torus as well. 



4 The covering spectrum and length spectrum 

In this section we restrict our attention to complete length spaces X which have a universal cover. 

First recall that a geodesic in a length space is a curve which is locally a distance minimizer in 
the following sense |BBI| . 

Definition 4.1 A curve -f : I ^ X is called a geodesic if for every t E I there exists an interval J 
containing a neighborhood of t in / such that 7|j is a shortest path. A closed geodesic is a geodesic 
loop which is minimizing in a neighborhood of its end point. 

It is easy to use the definition of a covering space to show that a length minimizing curve in a 
covering space projects to a geodesic, and that geodesies lift to geodesies. 

Then one can naturally extend the definition of length spectrum from manifolds to complete 
length spaces. 

Definition 4.2 The length spectrum, Length(X), of a complete length space, X, is the set of lengths 
of closed geodesies. It is counted with multiplicity where the multiplicity refers to the number of 
distinct free homotopy classes that contain a closed geodesic of that length. 

We recall the definition of the revised fundamental group from |SoWeilj . 

Definition 4.3 The revised fundamental group, Tri{X), of a complete length space, X, with a uni- 
versal cover, X, is the group of deck transforms of the universal cover. Given an element, g € t:i(X), 
and a base point x € X a, representative loop of g based at x is a curve, c, such that c(0) — x whose 
lift c to the universal cover runs from a point c(0) to gc(0). 

For simplicity the reader may wish to assume X has a simply connected universal cover, or 
equivalently, that X is semi-locally simply connected. In that case, the fundamental group t:i{X) 
of X is isomorphic to Tti{X). 

In general, however, the universal cover of a compact length space may not be simply connected. 
One example is the double suspension over the Hawaii Ring (c.f. Sp ) which is its own universal 
cover but has an infinite fundamental group because the infinite alternation of loops in the Hawaii 



7 



rings aren't contractible. These loops are homotopic to loops in an arbitrarily small neighborhood 
but not to a single point. 

When the universal cover is not simply connected, the representive loops of the identity element 
are the projections of arbitrary loops in the universal cover, which are not necessarily contractible. 
Thus the equivalence class of representative loops corresponding to an element g € tti{X) and a 
point X € X is not a homotopy equivalence class, but rather a collection of homotopy equivalence 
classes. 

The following lemma is easy to prove using the fact that the universal cover is a ^-cover and 
using the compactness of X . 

Lemma 4.4 Given a compact length space X with a universal cover X, for all nontrivial g e 7fi(X), 
we have 

m{g) :— imTid-^{x, gx) C Length{X). (4-1) 

xex 

If 7g is the projection of a minimizing curve joining a minimizing pair of points x and gx, then jg 
is a closed geodesic in X of length m{g) which is a shortest curve in its free homotopy class. 

Proof: There exists S > such that the universal cover is a 5 cover. Thus 

m{g) = inf d^{x,gx) >2S>0. (4.2) 

xex 

Let Xi € X approach this infimum. Since X is compact, a subsequence of Xi = 7r(ii) converges 
to some X whose lift x then achieves this infimum. Then jg is the shortest representative of g for 
any base point, it has length m{g) and it is the projection of a geodesic to a loop. Extending the 
definition of jg periodically, we can see that it is a representative of g based at 7(t) as well. So it 
must be the projection of a length minimizing curve between 7g(t) and g"fg{t) which implies that it 
is a closed geodesic. I 

Thus we have the following useful map. 

Definition 4.5 The minimum marked length map of a compact length space X with a universal 
cover is the function m : tti{X) LengthSpec{X) U {0} defined in Lemma 

Remark : The minimum marked length map is closely related to the translative delta length l{g, 5) 
we defined in ISoWeill Definition 3.2]. Recall 

l{g, S) ^ min dYsiq,giq)). (4.3) 

and l{g,S) > 2S for all g acts nontrivially on X^ . Note that, since covering maps are distance 
decreasing, 

m(g)>?(g,(5)forall(7G7fi(X). (4.4) 

Lemma 4.6 When X is compact, the set Im{m) — {m{g) : g £ 7fi(X)} is closed and discrete. 
Furthermore m{g) = iff g = e. 

Proof: First note that, by the Arzela-Ascoli Theorem, sequences of length minimizing curves have 
subsequences which converge to length minimizing curves, so if rui € Im{m) converge to rrioo then 
we have a subsequence of Xi in the fundamental domain of X converging to Xoo, and giXi converging 
to some ijao such that dj^(xao,y(x>) = Woo- Since the universal cover is a delta cover, yaa — yi for i 
sufficiently large. Thus moo = f^i for all i large and Im{m) is closed and discrete. 

We know m{g) = iff g = e because only a trivial deck transform fixes a point. I 

We have the following nice relation. 
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Theorem 4.7 When X is a compact length space with a universal cover then 

2CovSpec{X) C /m(m(7fi(X)) C LengthSpec{X) U {0}, (4.5) 

where m is the minimum marked length map defined in Definition \4.5\ 

This theorem follows from the following definition and lemma. 

Definition 4.8 If X is a complete length space and 5 > then we say a i5-pair is a pair of points 
{xi,X2} in X^ which are not equal but are projected to the same point in X^ for all S' > S. 

Lemma 4.9 Fix a compact length space with a universal cover, X, and 5 G CovSpec{X). Let 
hs = ini d-^s{xi, X2) over all S-pairs xi,X2- Then this infimum is achieved, there is an element 
g e TTi such that m{g) = hg and kg ~ 26. 

Proof: By compactness it is easy to show that there exists a 5 pair xi,X2 which achieves this 
infimum. It is not necessarily a unique pair even up to deck transforms. 

First hs > 26, else a minimizing curve from xi to X2 would have length < 26 and its projection 
to X would fit in B^(^^^-j{6), so it would be lifted as a loop to X^ making xi = X2 by Definition 12. 31 

Now we will show h — hs < 26. By Proposition 13.41 the covering spectrum is finite, so there is 
e > 6 such that for aU 6' £ {6, e), X^' = X\ Naturally X^ is a nontrivial cover of X'. 

Note that j/i and j/2 are a 6 pair iff they are not equal but project to the same point in X'^. So 
we have for all yi 7^ 2/2 G X^ such that n^{yi) = TTe{y2) S X'^, By^{h/2) and By^{h/2) are disjoint. 
So for all z e X'^,Bz{h/2) lifts to a disjoint union of balls in X^ . Thus by Lemma f2. 41 applied to 
y = X* as a cover of F = X% we get Y^'^ covers Y = X^ . U h/2 > e, then Y^/^ = X% which 
means X^ — X'^. This is a contradiction. So we have h/2 < e, then f"^^ = X^'"^, so X^l"^ covers 
X^. Therefore h < 26. 

So hs = 26. 

Now let C be a minimal geodesic connecting xi and X2 and g an element in 7fi(X) which is 
represented by the projection of C. Then 771(5) 1^ 2(5. But g acts nontrivially on X^ , so l{g, 6) > 26. 
Therefore m{g) > 26 by (g^- Thus m{g) = 26. ■ 

Another standard length spectrum defined on manifolds is the minimal length spectrum. 

Definition 4.10 The minimal length spectrum is the set of lengths of closed geodesies which are 
the shortest in their free homotopy class. 

If a compact length space X is a semilocally simply connected, or equivalently has a simply 
connected universal cover, then the above definition makes sense and each homotopy class contains 
a curve of minimum length. In fact, the minimal length spectrum agrees with im{m) \ {0} as can 
be seen in the following lemma combined with Lemma 14.41 

Lemma 4.11 For a compact length space with a simply connected universal cover the minimum 
marked length map m maps surjectively onto the minimal length spectrum U{0}. 

Proof: Given any L in the minimal length spectrum, there is a free homotopy class of loops 
whose minimum length is L. Let ci be the shortest such loop. It defines a deck transform g and 
m{g) < L{c) = L. Suppose rn{g) < L, then there exists x € X such that d{gx,x) < L. Join this 
pair of points by a length minimizing curve £2. 

If the universal cover is simply connected then the projection C2 is a loop freely homotopic to ci 
and we have a contradiction. I 

Theorem 14. 71 Lemma [4.61 and Lemma [4.111 combine to give us the following theorem: 

Tlieorem 4.12 When X is a compact length space with a simply connected universal cover then 
the minimum length spectrum is closed and discrete and 

2CovSpec{X) C MinLengthSpec{X). (4.6) 
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5 The marked length spectrum 



A stronger concept than the length spectrum of a manifold is the marked length spectrum which 
includes information about the fundamental group itself. Here we will study arbitrary compact length 
spaces with universal covers. The natural extension of the definition of marked length spectrum 
to such spaces involves the revised fundamental group 7fi(X) instead of the fundamental group 
[Defn^3]. For simplicity, the reader may wish to assume the universal cover is simply connected in 
which case the revised fundemantal group is just the fundamental group of the space. 

Definition 5.1 Given a complete length space X, the marked length spectrum of X is a function 
AILS that associates to each element g in tti{X) the set of lengths, MLS{g), of the closed geodesies 
freely homotopic to a representative loop of g. Clearly, this map only depends on the conjugacy 
class of g. 

Two spaces Xi and X2 are said to have the same marked length spectrum iff there is an isomor- 
phism between their revised fundamental groups which commutes with their marked length maps 
MLSi and MLS'2. 

Recall the definition of the minimum marked length map, m : Tti(X) — > (0, 00), in Definition 14. 51 
and Lemma ^31 Since MLS{g) includes the lengths of all geodesies representing g, we have m{g) = 
min{MLS{g)). 

Definition 5.2 We say two spaces with universal covers Xi and X2 have the same minimum marked 
length spectrum iff there is an isomorphism between their revised fundamental groups which com- 
mutes with their minimum marked length maps mi and m2. 

We can also mark the covering spectrum of a compact length space with a universal cover using 
the following simple map: 

Definition 5.3 Given a complete length space X with a universal cover, we define the covering 
spectrum map, f : 7fi(X) CovSpec{X) U {0} as follows. 

Given g G 7fi(X), let f{g) be the unique S in CovSpec(X) such that a loop jg representing g in 
X lifts to a curve in X^ that is not a loop, but lifts to a loop in X^ for all S' > S. In fact all loops 
freely r-homotopic to this one will then also share this property. 

Equivalently f{g) is the largest 6 such that the projections of gx and x from X to X^ are distinct 
points. 

Note f{g)^0 iff 5 = e. 

Lemma 5.4 Given a compact length space X with a universal cover, the covering spectrum map 
f : Tti{X) — > CovSpec{X) U {0} is surjective. 

Proof: li S E CovSpec(X), then X^ 7^ X^ for all S' > 6. Since X is compact, the covering spectrum 
is discrete away from [Theorem 13 .21 . so there exists e > S such that X' = X^ for all S' € {6, e]. Let 
xi and X2 be a pair of distinct points in X^ which are mapped to the same point in X'^. Let C be 
a curve joining Xi to X2- Then C projects to a loop in X, which lifts as a loop to X^ for all S' > S 
and lifts to a curve that is not a loop in X^. Let g G Tfi{X) which is represented by the projection 
of C, then fig) ^6. ■ 

Note that the compactness in this lemma is necessary as the following example shows. Let X be 
a revised Hawaii ring with circles of radius 1 -I- 1/n all attached at one point, then X has a universal 
cover. Furthermore, tt is in CovSpec(X), but it doesn't lie in the image of / since the circle of radius 
1 is not in X. 
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Lemma 5.5 When X is a complete length space with a universal cover and f is the covering spec- 
trum map, then f^^{[0,S]) is a subgroup ofTTi{X). 

Proof: If 5i,52 G /^^([Oi'^]); suppose f{gi) — Si, then there are loops 7^ which hfts as closed loop 
to AI^ for S' > Si and as an open curve to So for any S' > max{(5i, (52} both curves 71,72 lift 

as closed loops to . Now the element gig2 can be represented by the loop 71 following 72, so the 
lift of the combination is closed in . Thus 

figm) < max{Si, S2} = max{/(5i), f{g2)}- (5.1) 



A nonpositively curved metric on a surface of genus > 2 with the set where the curvature is has 
empty interior is determined up to isometry by its marked length spectrum |Ot[ ICrl lFa| . The same 
is true for flat tori |Go3| . The following example demonstrates that even on flat tori, the covering 
spectrum does not determine the isometry class. In fact it includes a smooth family of flat tori with 
a common covering spectra. 

Example 5.6 Here we examine a set of flat 2 dimensional tori, Tg, defined as rhomhi with side 
length 1 and a variable angle Q < 9 < ^ between the sides. Opposite sides are identified in the usual 
way and the universal cover of any of these examples is the Euclidean plane. Note that, in this case, 
the marked length spectrum has only one length per element of the abelian fundamental group, so we 
can denote it as m{g). 

If we locate the fundamental domain with corners at (0,0), (1,0), {cos{9) , sin{6)) and (1 + 
cos{6) , sin(9)) then the group of deck transforms is generated by gi : {x,y) ^ {x + \,y) and 32 : 
{x, y) ^ {x + cos{6),y + sin{9)). 

Now for 9 e [7r/3,7r/2] it is easy to see that rn{g1g\) — a^ -\- b"^ -\- 2abcos{9) so the length 
spectrum is 



{y/a^ + 52 + 2abcos{9) ■.a,beZ\ {0}}. (5.2) 

Furthermore f{gig2) = 1/2 unless a = b = 0, so the covering spectrum is just {1/2}. This provides 
us with a one parameter family of flat tori with a common covering spectrum. 

Now for 9 e (0, 7r/3), we get the same formula m{gig2) = -y/a^ + 6^ _|_ 2abcos{9) so the length 
spectrum is 



{ + b^ + 2abcos{9) ■.a,beZ\ {0}}. (5.3) 
However, now 



(1/2)^/1 + 1 - 2cos{9) < 1/2 ifa = ~b 
1/2 otherwise 



So the covering spectrum has 2 distinct elements. 

Since these two families together form a single one parameter family, we have also shown that 
the number of elements of the covering spectrum may change. Although it is nice to see that here 
the covering spectra do vary continuously in Hausdorff sense. 

In fact the covering spectrum is determined by the minimum marked length spectrum [Defn l^^ . 

Theorem 5.7 Let Xi and X2 be compact length spaces with universal covers. If they have the same 
minimum marked length spectrum then they have the same covering spectrum. 

In fact if CovSpec{X) = {Si < S2 < ■ ■ ■ < Sk} then there exists a special sequence of subgroups 
{e} = Go C Gi C G2 C • • • Gjt = T^i{X) such that each Gi is generated by 

Si ^ {h e Tti{X) : m{h) ^ 2S,} (5.4) 

combined with the elements of Gi-i. Furthermore f{g) = Si implies g ^Gi while g ^Gi \ Gi_i has 
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First we state a simple lemma which we will need. 

Lemma 5.8 Suppose C : [0,L] Bq{S) C X where X is a complete length space, then C is freely 
homotopic to a product of curves of length < 26 based at q. 

Proof: We assume C is parametrized by arclength. Since its image is closed, it is in fact contained 
in Bq{S — e) for some e > 0. Partition [0, L] into pieces of length < e: ti = < t2 < t^ < ... < tk = L 
Let ffi run minimally from q to C{ti) so it has length < S — e. Set ak = <Ji. So Ci starting at q 
running along cr.; to C{ti) running along C to C(ti+i) and running backwards along CTi+i to q is a 
closed curve of length < 25 

The product of these Ci is a curve which is freely homotopic to C (where the homotopy runs 
along 0-1 = o-fc.). ■ 



Corollary 5.9 If C : [0,i] — )■ Bq{5) C X parametrized by arclength is the shortest noncontractible 
curve in X , then L < 26. 

Proof of Theorem 15. 7t We will derive the marked covering map / : tti{X) CovSpec{X) U {0} 
from the marked shortest length spectrum m. 
We first claim that 

/(<?)< (l/2)m(g) forallge^iW. (5.5) 

If {l/2)m{g) < f{g) then a representative of g is freely r-homotopic to a curve of length < 2f[g). 
Such a curve must be contained in a ball of radius /(g), so it would lift as a closed curve to the f{g) 
cover of X, but it cannot by the defn of f{g) [Defn . 

Let Go = {e} and 5^ = 0. We will construct the covering spectrum and the map / by induction. 

Suppose 

a) we've defined distinct subgroups Go C Gi C • • • Gfc C 7fi(X) and defined 5q < 5i < ■ ■ ■ < 5k 
such that each 

5i = min{m{g) : g eni\ d-i} C {0} U CovSpec{X). (5.6) 

(Here G-_i is the empty set.) 

b) each Gi is generated by all the elements h £ tti such that m(/i) = 5i combined with the 
elements of Gi_i. 

c) each Gi contains every element g € tti such that f(g) — 5i and 

{5o, 5i,---,Sk} = GovSpec{X) n [0, 4] U {0}. (5.7) 

Note that for all g E Gi \ Gi_i we have f{g) = 5i as a consequence of the above hypothesis b) c) 
and ins (E31)- 

The hypothesis a) b) c) are trivially true for k = 0. 
Now we prove the induction step: 
If Gfc T^^i, let 

5k+i - min{{l/2)mig) : 5 € tti \ GJ. (5.8) 

Since {m(g)} is closed and discrete [Lemma 14 .Sj . the minimum exists and is achieved. 
We will first show 5k+i £ GovSpec{X). 

We have h £ tti \ Gk such that m{h) = 25k+i. We need to show f{h) = 5k+i. By H5.5I) 
f{h) < 5k+i. Assume on the contrary that f{h) < 5k+i. Then for any f{h) < 5' < 5k+i h lifts 
trivially to X^ . 

So /i is a product of elements gig2...gk where each gk has a representative curve based at p of 
the form a~^Piai where ai runs from p to some pi and /3 is in a ball Bq. {5'). 
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Each gi has a loop f3i which is freely r-homotopic to (3iai and (ii is contained in a 5' ball but 
it doesn't necessarily have length less than 25' However, by Lemma 1^751 each Pi is freely r-homotopic 
to a product of curves of length < 26' < 2Sk+i. 

Thus h is a product of elements of tti which have representative curves freely r-homotopic to 
curves of length < 26k+i so m of these elements is < 26k+i- 

We also know by the definition of 6^+1 (15.8(1 that for any g £ tti\ Gk we have m{g) > 6k+i, 

Thus h is a product of elements in Gk and h itself is in Gk- This is a contradiction. 

To show (|5.7ll we must show that if (5 € (5^, Sk+i) then S is not in GovSpec{X). 
Suppose S E {Sk,Sk+i) is in CovSpec{X). By Lemma |4.9I there exists g e Tri{X) with f{g) = 
S, m{g) = 25. So \'rn{g) < 5k+i and g must be in Gk- But then /(<?) < 5k which is a contradiction. 

Now let Gk+i be the group generated by Gk and elements h G tti such that m{h) = 25k+i- To 
finish c) we need to show Gk+i includes all g such that f{g) = 5k+i- 

Let h G TTi he an element such that f{h) = 5k+i Then for any 5' > 5k+i h lifts trivially to . 
By Lemma 14.61 we can choose 

4+1 <5' < (1/2) min({m(g) : <? G ^i} n {25k+i,^)) (5.9) 

so that if m{g) < 25' then m{g) < 25k+i- 

Now h is a product of elements gig2 ■ ■ ■ gk where each gk has a representative curve based at p 
of the form a~^Piai where Ui runs from p to some pi and /3 is in a ball Bq.{5'). 

Each gi has a loop /3i which is freely r-homotopic to (3iai and Pi is contained in a 5' ball but it 
doesn't necessarily have length less than 25' - However, by Lemma lOl each (3i is freely r-homotopic 
to a product of curves of length < 25' and, by the choice of 5' , to a product of curves of length 
< 24+1. 

Thus h is a product of elements of tti which have representative curves freely r-homotopic to 
curves of length < 24+i so m of these elements is < 24+i- 

Thus h is a product of elements in Gk+i and h itself is in Gk+i- 
This finishes the proof of the induction hypothesis. 

Finally using the finiteness of the covering spectrum [Lemma 13. 4| , we know that this process 
must terminate. Thus by (c), eventually Gk must equal 7fi. So we've determined the value of / for 
every element of tti and determined the marked covering spectrum oi X. I 

The following examples demonstrate that the length spectrum alone does not determine the 
covering spectrum. We have many more examples in Section 1101 which have the same Laplace 
spectra and length spectra, but different covering spectra. 

Example 5.10 Let Mi — S^^^ be the standard sphere of diameter Tr/2, M2 = KP^ = SI/Z2- Then 
the length spectra of both Mi and M2 are {lir : I € N}, while the covering spectrum of Mi is empty 
and the covering spectrum of M2 is {it /A}. Here Mi,M2 have different fundamental groups. 

There are also examples with same fundamental group. Let Mi = RP^ x S*^ and M2 = ^P^tt ^ 
Their length spectrum is 

{ V(M^ + (2M^ -.kJeNU {0}} \ {0}. (5.10) 
The covering spectrum of Mi is {7r/4} while the covering spectrum of M2 is {7r/2}. 

6 Counting generators of fundamental groups 

In this section we restrict ourselves to compact length spaces X which have universal covers. 

The sequence of groups Gi and sets Si in Theorem 15 . 71 give us a way to construct a short basis 
of t:i{X) and to define the multiplicity of the covering spectrum. 
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Definition 6.1 For each Sj G CovSpec{X), the basis multiplicity of Sj is the minuxium number of 
g e Sj required to generate Gj . 

Let Sj C Sj be a Ust of such generators. Let a short basis of tti{X) be S — [J Sj. 

Note that the covering space of a compact length space with hfted metric is a locally compact 
complete length space, therefore by the Hopf-Rinow theorem for metric space (see |Grj or |BBII 
Theorem 2.5.28]) each bounded closed domain is compact. Hence we show below that the multiplicity 
in above is always finite for compact length space. In fact we have the following lemma: 

Lemma 6.2 Let X be a compact length space with a universal cover X. For b > a > and 
D — diam(X), 

4^m{CovSpec{X)n[a,b]} ^ ^ #Sj < N{a,2b + 2D + a), (6.1) 

j:5je[a,b] 

where N{a, b) stands for the number of maximal disjoint balls of radius a fit in a ball of radius b in 
X. 

This estimate in particular gives an estimate on the multiplicity of a fixed element d. Lemma 16.21 
will be improved later, see Corollarv l7.7l 

Proof of Lemma 16.21 Let {Ai,---,Afc} = CovSpec{X) n [a,b] counted with multiplicity. By 
Lemma f4. 91 for each Ai, there is a in ni{X) such that a < f{gi) = \'m{gi) < b. By the proof of 
Theorem 15.71 ^m{g~^gj) > f{g^^gj) > a for all i ^ j. Fix p £ X, we have d{p,gp)) < m{g) + 2D 
for any g S 7fi(X). Therefore each ball B{gip, a) is disjoint from each other for i = I, ■ ■ ■ , k and all 
are isometric and lie in the ball B{p, 2b + 2D + a). This gives (|6.1() . I 

The following example shows that the multiplicities of short elements of the covering spectrum 
can grow to infinity, while elements in the covering spectrum converge to 0. 

Example 6.3 Let AlJ be a handlebody with j handles which looks like a standard 2 sphere with 
many small handles on the scale of 1 / j . The multiplicity of 1 / j goes to infinity as j goes to infinity. 

Note that the multiplicity in Definition 16.11 docs not agree with the multiplicity of the length 
spectrum. We have deliberately related it to the revised fundamental group rather than to free 
homotopy classes of loops. This way Theorem 15 . 71 immediately gives us the following proposition. 

Proposition 6.4 For a compact length space X with a universal cover, 7f i [X) can be generated by 
the short basis S of Definition \6.1\ and #5* = jj^m{GovSpec{X)}. 

Note that the number of generators of a fundamental group 7ri(X,p) may not be finite for a 
compact length space, X, with a nonsimply connected universal cover. The double cone over the 
Hawaiian earring is its own universal cover, so 4i^{CovSpecX} — 0, but its fundamental group is 
uncountable and, in particular, not finitely generated. 

7 Gromov-Hausdorff convergence and 5 covers 

Here we first prove a convergence property of (5-covering spaces which doesn't hold for universal 
covers. Then we show that, unlike the length spectrum, the covering spectrum behaves nicely under 
Gromov-Hausdorff convergence. We begin with the definition of the Gromov-Hausdorff distance 
between compact length spaces. 
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Definition 7.1 [Grl Defn 3.4] Given two metric spaces X and Y the Gromov Hausdorff distance 
between them is defined, 



Here T^[A) = {x e Z : dz{x,A) < e}. 

It is then clear what we mean by the Gromov-Hausdorff convergence of compact metric spaces. 
However, for non-compact metric spaces, the following looser definition of convergence was defined 
by Gromov. 

Definition 7.2 |Gr[ Defn 3.14] We say that non-compact length spaces (X„,x„) converge in the 
pointed Gromov-Hausdorff sense to {Y, y) if for any i? > there exists a sequence e„ ^ such that 
Bx„{R + e„) converges to By{R) in the Gromov-Hausdorff sense. 

It is easy to see that neither the topology of a metric space nor the dimension is conserved 
under Gromov-Hausdorff convergence. Two compact spaces are close in the GH sense if they look 
almost the same with "blurry vision" so that "small holes" cannot be seen. A sequence of 1 x 1 / j 
tori collapses to a circle losing both dimension and topology. The sequence of handlebodies, M|, 
of Example 16.31 converges to a standard sphere thus losing topology without collapsing to a lower 
dimension. One also can lose regularity as can be seen when taking a sequence of one-sheeted 
hyperboloids converging to a cone. 

Proposition 7.3 // a sequence of compact length spaces Xi converges to a compact length space X 
in the Gromov-Hausdorff topology, then for any 5 > Q there is a subsequence of Xi such that their 
S-covers also converges in the pointed Gromov-Hausdorff topology. 

This answers a question in |So Wei2| . Compare Proposition 3.1 in there. 

By Thm 3.6 in SoWcil , the limit of the (5-covers (if it exists) is always a cover of X, but note 
that two different subsequences could have different limits as the next example shows. 

Example 7.4 Let Xi be tori of side lengths 1 by (n -\- l)/{2n) alternating with the tori of length 1 
by [n — l)/(2n). Then Xi converges to the 1 by 1/2 torus. For 5 — 1/2, we get two limits of the 
5-covers: one is the cylinder and the other is Euclidean space. 

In the following examples we demonstrate that universal covers may not have any converging 
subsequences. Recall that Gromov's Precompactness Theorem jGrj states that a set, S, of compact 
length spaces is precompact iff there is a uniform upper bound, N(r, R), on the number of disjoint 
r balls contained in a ball of radius R, Nx {r, R) : 




for all metric spaces z, and isometric 
embeddings f : X ^ Z, g : Y ^ Z 




(7.1) 



where, dfj is the Hausdorff distance between subsets of Z, 
dfj{A, B) = inf{e > : B C T^{A) and A C T,{B)}. 



(7.2) 



W,R>0 3N{r, R) eN s.t. we have Nx{r, R) < N{r, R) 



yx e s. 



(7.3) 



Example 7.5 Let Mj be a flat j dimensional 1 x (1/j) x (1/j) x • • -x (1/j) torus. Then the Gromov- 
Hausdorff limit of Mj is a circle. The universal covers of the Mj are Euclidean j dimensional spaces, 
so NMj{l,5) > 2j and the Mj do not have a converging subsequence. 
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Other examples include the sequence of spheres with small handles, Mj in Example IB. 31 which 
converges in the Gromov-Hausdorff sense to the standard two sphere and a sequence of finite sets of 
circles joined at a commom point which converges to the standard Hawaii ring. In both cases the 
sequences of universal covers do not having any converging subsequences. 

Gromov proved that if Mj are closed manifolds with Ricci curvature uniformly bounded from 
below and dimension bounded above then by the Bishop Gromov Volume Comparison Theorem, 
NMj{r,R) is uniformly bounded |Gr| . Since the universal covers of the Mj share these curvature 
and dimension bounds, they do have converging subsequences. However, even in this case, the limits 
of universal covers are not necessarily covers of the limit space. An example is a sequence of flat 
Ix 1/j tori which collapse to a circle. The limit of the universal covers is the Euclidean plane which 
is not a cover of a circle. 



Proof of Proposition 17.31 It's enough to show that the set of i5-covers of Xi is precompact by 
finding a uniform bound on Nj^5{r,R). Since converge to a limit space X in the GH sense, 
they also converge in the pointed GH sense, so there exists Xi € Xi and x G X such that {Xi,Xi) 
converges to {X,x). So we need only prove that for all e, i? > 0, the number of disjoint balls of 
radius e centered in B^. (R) is uniformly bounded. In fact we can Gx e < S < R since bounds for 
these e and R will control the others. 

Let Xi e X^ be a lift of Xi. Let FD.; be a (closed) fundamental domain of Xi based at Xi. Let 
the e almost adgacent generators 

F,,, = {g e G{X„ S) : gT,{FB,) n T,(FD,) ^ 0}, (7.4) 

and, let the adjacent generators be the set 

F, = {ge G{X„6) : .g(FD,) n (FD,) ^ 0} C F,,,. (7.5) 

Now examine B{xi,R) C Xf. By Milnor's lemma [Mil Lemma 2], if d{xi,gxi) < 5k for some 
positive integer fc, then g can be expressed as a fc-fold product, g — hih2 ■ ■ ■ hk, with hi, ■ ■ ■ ,hk € Fi. 
Let k — [R/6] + 1, where [R/S] is the integer part of R/6. Thus the number of fundamental domains 
gFB, intersecting B{i„R) is bounded by {#F,)WS]+i_ 

On the other hand if Ni{e, D) is the number of maximal disjoint e-balls in Xi, then if e < 5, we 
claim the maximal number of disjoint e-balls centered in each fundamental domain FD^ is bounded 
by = Ni{e, D) ■ 4/^F^ i. If not, then let i/i, • • • , yN+i be the centers of these balls and yi, • • • , Un+i 
be their projections to Xi. Since the covering map Xi is isometric on S balls, 

BvA^) n By,{e) = iff By^ie) n Bgy,{e) = V.g G G{X,,5). (7.6) 

which is equivalent to checking that 

% (e)nSgg,(e) -0V.geF,,,. (7.7) 

So we can select Ni{e, D) disjoint e balls in Xi by first choosing yi and eliminating the at most 4fFe^i 
yk that fail to satisfy H7.7|l for yi, then choosing the next remaining yj and eliminating the at most 
#-Fe^i yk that fail to satisfy (|7.7(l for that yj, and so on. This a contradiction. 

So the total number of balls of radius e in Bs,(i?) is bounded by (#F,)[^/'^l+i • N,{e, D) ■ #F,^,. 
Since Fi C F^^i, we need only bound =ffF^^i uniformly in i. 

Note that by Theorem 3.4 in |SoWeil| . we have surjective homomorphisms $i : G{X,6/2) 
G{Xi,6) for all i large. We can assume that diamX^ < D. If a e F^ i C G{Xi,6), then it can be 
represented by a closed curve a passing through Xi = 7T{xi) of length < 2{D + e). From the proof 
of surjectivity in S oWeil. Theorem 3.4 ], we can take an e partition of a and get a curve a passing 
through tt{x) G X such that $i(cr) = a and the length of a is at most 5 times as long as a. Thus 
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each element g G F^^i C G{Xi,S) is mapped to by <I>i of some element h E G{X,6/2) such that 
dj^s/2ihx,x) < 10{D + e). 

Now if gi and (72 are two distinct elements in G{Xi,S) and ^i{hi) ~ gi and <&i(/i2) — 32, then 
hih2^ G G{X,S/2) is nontrivial. Any nontrivial element ft. G G{X,S/2) has dj^s/2{hx,x) > 6. So 
rfxV2 (fti2:, ^22;) > 5. 

Hence for all i large 

< N{6/2, 10{D + e) + 5/2), (7.8) 

where Ni{6/2, R') is the maximal number of disjoint balls of radius S/2 that fit in a ball, B{x, R') C 
X^/"^, in the limit spaces 5 cover. I 

An immediate corollary of this is 

Corollary 7.6 Let M be a GH compact set of length spaces and be the set consisting of their 
delta covers. Then is precompact and N{e,R) is uniformly bounded on . 

Note that need not be compact since a limit of S covers need not be a J cover. See the 
example in |SoWeil| immediately above Theorem 3.6. 

Corollarv 17 . HI enables us to give an improvement of Lemma 16.21 

Corollary 7.7 For all X in Gromov-Hausdorff compact set M of compact length spaces with uni- 
versal covers and b > a > 0, ^„i{GovSpec{X) D [a, 6]) is uniformly bounded. 

As another nice application of Corollarv l7.6l we have 

Proposition 7.8 The revised fundamental groups of a Gromov-Hausdorff compact set of complete 
length spaces with a uniform lower bound on their first systole have finitely many isomorphism 
classes. 

Here the first systole of (X) — inf CovSpec{X), which is a natural way of extending the definition 
of first systole to length spaces that aren't semilocally simply connected. 

This result generalizes Theorem 5 in jShWj on manifolds. The same proof in |ShW| carries over 
once we have uniform bound for N{e, R) on the universal covers. 



8 Convergence of the Covering Spectrum 

Note that the length spectrum can change dramatically under Gromov-Hausdorff convergence as the 
following examples show. First we see that lengths can disappear in the limit. 

Example 8.1 Let Xn be the boundary of the 1 / n-neighborhood of the closed planar unit disk in 
with the induced length metric, then X„ converges to the double disk (identification of two closed 
unit disks along the boundary circles). The circle a;^ + = (1 + l/n)^ is a closed geodesic in Xn 
but the limit curve x^ -\- = 1 is not a geodesic in the limit space. In fact 27r(l + 1/n) GLength 
Spectrum of Xn, but its limit 2t: is not. X^ can be easily approximated by 2 dimensional smooth 
manifolds with same properties. 

There are also examples where the limit space is a manifold. 
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Example 8.2 Let Y be the flat 1x2 torus. Let Mi be manifolds constructed from Y as follows: cut 
a ball of radius 1/i from Y and replaced it with a rescaled piece 3^^; where X is ball with warped 
product metric dr^ + f(r)^d9^, where 

{sin{r) r £ [0, n/2] 
1 re(V2,28] 
r - 28 re [29, 30] 

and smooth in between. Then Mi converge to Y in Gromov-Hausdorff sense, but there are \i S 
Lengths pec{Mi) with — > 3 ^ LengthSpec(Y) since there are smooth closed geodesies in Mi which 
converge to a piecewise geodesic in Y that has two 90 degree angles and wraps around Y like a ribbon 
around a gift. 

Here is an example with the sudden appearance of elements in the limit's length spectrum far 
from elements in the sequences spectra. 

Example 8.3 Let Xj be flat cones capped at both ends with disks of radius 1 and 1+1 /j respectively, 
and height 1. So the bigger side get smaller and converges to a cylinder with both ends capped by 
disks of radius 1, then 27r in the length spectrum of the limit doesn't come from the length spectrum 
of the sequence. This example can easily be smoothed so that both the sequence of Xi and the limit 
are diffeomorphic to spheres. 

Using the result |So Weill Theorem 3.6] that the Gromov-Hausdorff limit of the (5-covers of a 
sequence is almost the i5-cover of their limit space, we can show that the covering spectrum of the 
sequence and the covering spectrum of the limit space is very closely related. Note that the counting 
here is without multiplicity. 

Theorem 8.4 // Xi is a sequence of compact length spaces converging to a compact length space 
Y , then for each S £ CovSpecY , there is Si £ CovSpecXi such that 5i 5. Conversely if 6i G 
CovSpecXi and Si S > 0, then S S CovSpecY . Moreover, if the universal cover of the sequence 
and Y exist, then ff {CovSpecXi} > ^{CovSpecY} for all i large. 

Proof: Let's prove the first statement. If it's not true, there is a (5 g CovSpecY such that no 
subsequence of CovSpec(Xi) converges to 6, namely there exists an e > such that CovSpec(Xi) n 
[S — e,S + e] = for all except finitely many Xi. So Xf~'^ = Xf'^'^ for all except finite many i. Now, 
by Proposition a subsequence of the covers converges (for both 6 — e and for S + e). Therefore 
their hmits Y^-^ ^ By jSoWeilL Theorem 3.6] Y^ ^ y^+e/z^ contradicting to 6 e CovSpecY. 

To prove the second statement, note that xf'' — > Xi is nontrivial for all S' > Si and Si converges 
to S > 0. So for all S' > S > and e € (0, S) we have 6 — e < Si < 6' ioi i sufficiently large and 
Xi~'^ Xf is nontrivial. Now take the limit as i — > 00 and we get Y^~'^ Y^ is nontrivial. This 
is true for all e S (0, S) and S' > S. Now by the properties of limit covers [SoWeilL Theorem 3.6] we 
have for all e G (0, 5) and S' > S, Y^~'^ Y^ is nontrivial. So CovSpec{Y) r\[5 — e, S'] is nonempty. 
But CovSpec{Y) is discrete at 5, so this forces CovSpec{Y) to include S. I 

An immediate corollary of this is 

Corollary 8.5 Lf Xi is a sequence of compact length spaces converging to a compact length space 
Y, then the covering spectra converge in the Hasudorff sense as subsets o/R; 

lim dH{CovSpec{X,) U {0}, CovSpecY U {0}) = (8.1) 
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Proof: By the definition of HausdorfF convergence (see inside Defn l7.l|l . we need only show that for 
aU e > 0, there exists G N such that for all i > N^, 

CovSpec{Xi) C T^{CovSpec{Y)\j{Q}) (8.2) 
CovSpec{Y) C T^{CovSpec{Xi)\j{Q}) (8.3) 

If H8.2|l is not true, then there is an e > and a subsequence of the i such that there exists 

A, e CovSpec{Xi) \ T,{CovSpec{Y) U {0}). (8.4) 

Since the Xi converge to Y they have a uniform upper bound on diameter, D, and the G (0, D], 
so a subsequence converges to some 

A e [0, D] \ T^{CovSpec{Y) U {0}). (8.5) 

Thus A ^ CovSpeciY) U {0} contradicting Theorem El 

If H8.3|l is not true, then there is an e > and a subsequence of the i such that there exists 

A, e CovSpec{Y) \ T,{CovSpec{X,) U {0}). (8.6) 

Since Xi £ [£,D], where D = diam{Y), and {CovSpec{Y)) n [e, D] is closed by Proposition 13.21 a 
subsequence of Xi converges to some A G CovSpec(Y) n [e, D]. In particular, for i sufficiently large 
\Xi - A| < e/2 and 

A e CovSpec{Y) \ T,/2{CovSpec{X,) U {0}). (8.7) 

Then by Theorem 18. 41 we know there exists di G CovSpec{Xi) converging to A which is a contradic- 
tion. I 



Applying Theorem 18.41 to manifolds with Ricci curvature lower bound and combining Theorem 
1.1 in So Weil , we have 

Corollary 8.6 //A/" is a sequence of manifolds with Ric > {n— l)H converges to a compact length 
space Y then ^{CovSpecMi} > ^{CovSpecY} for all i large. 

Another useful application of Theorem 18 . 41 concerns the covering spectra of classes of isolength- 
spectral manifolds: 

Theorem 8.7 IfA4 is a Gromov-Hausdorff connected class of compact length spaces with a common 
discrete length spectrum, then all compact length spaces in Cl{M) have the same covering spectrum 
as well. 

Proof: We need only show that all the spaces in JVl have the same covering spectrum. Then the 
same holds true for all compact Y in the closure by Theorem 18 . 41 since there will be Xi with uniform 
covering spectra converging to Y . 

Suppose there are at least two distinct covering spectra Ci and C2 for spaces in A^. Let Mi 
be the subset of M of spaces with covering spectra Ci. Clearly these are disjoint sets. Each is 
closed as a subset of Ai by Theorem 18.41 Thus we need only show each is relatively open to get a 
contradiction. 

Suppose All is not relatively open. Then there is a space Y £ Mi which can be approximated 
by Xj e M such that CovSpec{Xj) ^ Ci. 

Thus for each j either there exists Cj € Ci\ CovSpecXj or there exists Cj € CovSpecXj \ Ci . 

Since Y is compact, there is a D such that diamXj < D. Furthermore, all the spaces share 
the same discrete length spectrum, i, and length spectra are closed sets. Thus ■^L n (0, D] is finite 
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and, by Theorem 14. 71 Cj C \L n (0, D]. Thus, by the pigeonhole principle, there exists c > and a 
subsequence of the j such that Cj = c. 

If c e Ci\CovSpec{Xj) for this subsequence, then by Theoreni l8.4l there exists 6j £ CovSpec{Xj) 
such that Sj converges to c. But these Sj C (l/2)i n [0, D], so eventually they must repeat and we 
have a contradiction. 

Thus c e CovSpec{Xj) \ Ci for this subsequence. By Theorem 18 . 41 again, c G CovSpec{Y) — Ci 
(since c > 0) which is also a contradiction. I 

This leads immediately to the following corollary. 

Corollary 8.8 If Mt is a one parameter family of compact Riemannian manifolds with a common 
discrete length spectrum (not counting multiplicity), then they have the same covering spectrum. 

9 Gaps in the covering spectrum 

In this section we discuss gap and clumping phenomenon in the covering spectra of compact length 
spaces. 

Theorem 18.41 immediatelv gives us the following gap phenomenon near 0. 

Proposition 9.1 Given a sequence of compact length spaces Xi which converges to a compact length 
X that has a universal cover, there is Xx > such that for all < e < Xx , G N such that the 
Covering Spectum of Xi has a gap at (e. Ax) for all i> N^: 



Note that the gap here depends on the limit space. The simplest example which illustrates the 
restrictions on this gap, is a sequence of tori collapsing to a circle. The size of the limit circle 
determines Xx and the speed of collapse determines the relationship between e and N^. 

In the following we show there are many gaps in the covering spectrum which are uniform in size 
for a compact class of length spaces. Note that a Gromov-Hausdorff compact set of compact length 
spaces have a uniform upper diameter bound. 

Proposition 9.2 Let Ai be a Gromov-Hausdorff compact set of compact length spaces with universal 
covers and diam < D, and let S C [Li,L2\ C [0,1?] be a discrete set which includes the end points 
Li and L2, then if 

gapisi{X, S) — Nth largest element in {Xi — Xi-i} (9-2) 

among all Xi G {CovSpec{X) D [Li, L2]) U S in increasing order, then gap^g_i[X, S) has a uniform 
lower bound for all X G M. This lower bound depends on S. In particular 



is uniformly bounded below depending on S. 

Note that the importance of this result is that the length of the gap interval of the covering 
spectrum is uniform for all X G Ai. On the other hand the exact location of the gap can't be 
uniform as one can see if we take A4 to be the set including all flat 2 dimensional tori, circles and 
the one point space. 

Note that if S* = {0, D} then for simply connected length spaces, gap^s-i{X, S) = D, for X with 
CovSpec{X) — {Ai}, then gap^s-ii^i S) — max{Ai,_D — Ai} > D/2. So its not a strong bound 
for these length spaces. But then as we progress to length spaces with large numbers of elements 
in the covering spectrum, this will force at least one gap which will be significantly larger than the 
average distance between elements. 



CovSpec{Xi)r\{€,Xx) = 0. 



(9.1) 



gapi{X, S) 



max{Xi — Ai_i : Ai G {CovSpec{X) n [Li, L2]) U S} 



(9.3) 
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By taking S = {0,D/N,2D/N...D}, we only start getting interesting controls over spaces with 
more than N elements in the covering spectrum. 

Proposition 19 . 21 implies that there are sequences of gaps approaching 0. That is, for any L > 0, 
there exists a Sm.l > such that for any X E A4 CovSpec{X) has a gap of size Sm.l between 
and L. 

We now prove the gap theorem. Note that when S — {Li, L2] with Li > 0, the lower bound for 
gapi(X, 5) also follows from Corollarv l7.7l 

Proof of Proposition 19.21 We already know that when Xi converge to X in the GH sense 
then the CovSpec(Xi) U {0} converges to CovSpecX U {0} in the Hausdorff sense [CoroUarv 18. 5j . 
So {CovSpec{Xi) n [£1,^2]) U {Li,L2} converges to {CovSpec{X) n [£1,-^2]) U {£1,^2} for any 
[Li,L2] C [0,1?]. 

Since S includes the endpoints, Li and L2, {CovSpec{Xi)r\[Li, L2])i)S converges to {CovSpec{X)r] 



When two discrete sets of numbers in [Li, L2] are close in the Hausdorff sense, then the gaps are 
close as well. That is the largest gaps are close, and the second largest and so on. Eventually, many 
of the gaps will be close to or nonexistent. 

So gapjv(^i, S) converges to gap^(X, S) as long as < #5', and in fact converges for all N if 
we set the gap to when there aren't enough elements in the set. 

On the other hand, all the covspecs in A4 are closed and discrete and so is S, so for each X, 
gap-^5_]^(X, 5*) > 0. Since a positive continuous hmction defined on a compact set has a uniform 
positive lower bound, we are done. I 

Example 9.3 // we look at the following compact set of metric spaces: Xi Hawaii ring with rings 
of radius l/i'^,2/i'^....{i — and X, a circle of radius 1, then this space is compact and 

all elements have discrete covering spectra. There is no uniform bound on the number of elements 
in the covering spectra. 

The largest gap in CovSpec{Xi) is 7r(l — 1/i) and the rest of the gaps are the same size, n/i^ . 
Taking S — {0,7r}, our uniform lower bound on the largest gap exists and is 7r(l/2). 
Taking S = {0, ■|,7r} our uniform bound on the largest gap is 7r(l/2) and on the second largest 
gap is 7r(l/4). But this second largest gap just records the fact that the covering spectra are below 



Taking Sj = {0, n/j} says more, since we know there is a uniform lower bound on the largest 
gap between and it / j . But in fact this gap is basically above the majority of the spectra for all but 
finitely many of the Xi . 

This theorem can also be used to show sets of complete metric spaces are not compact in the 
Gromov-Hausdorff sense. 

Example 9.4 LetXj be a compact length space formed by 2^ circles of radii {1/2^ ,2/2^ ,3/2^ (2^ — 
l)/2^, 1} joined at a common point. Then 



and gapi{X, {0,?:}) — Tr/2^ is not uniformly bounded below. Sure enough this sequence has no 
converging subsequence in the Gromov-Hausdorff sense. 

Applying Proposition l9.2l to the compact class of manifolds with a uniform lower bound on Ricci 
curvature, we have 

Corollary 9.5 / For all H e R, D > 0, n e N, L > 0, there exists a 6{H, D, L,n) > such that 
for any compact manifolds M" with diam{M) < D, Ric{M") >{n— 1)H there exists Am < L such 
that 



[L^,L2])DS. 



n/2. 



CovSpec{Xj) = {7r/2^27r/2^37r/2^- • •,(2^' - l)7r/2^7r} 



(9.4) 



CovSpec{M) n [Am, Am + SiH, D, L, n)] = 0. 



(9.5) 
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In addition to showing the existence of gaps of a certain size, one can study the location of 
elements in the covering spectrum. We call the following theorem a clumping theorem, since it 
shows that elements in the covering spectra have tendencies to clump around certain locations. 

Proposition 9.6 If M is a Gromov-Hausdorff compact set of compact length spaces with universal 
covers and diam < D, then for all e > 0, there exists d N and subsets 5*1, 5*2, • • • , S^^ C [0, D] 
such that m{Si) < e and each Si is a finite set of intervals of the form: 

Ni 

5, = [0,q)U |J(d}-Q,d}+Q) 
and for all X G Ad, 3i e 1, • • • , A^,; s.t. CovSpecX C Si. 

Proof: Let T> be the set of discrete subsets of [0, D] which include {0}. Let F : M T) he defined 
as F{X) = CovSpec{X) U {0}. 

By Corollary 18. 51 is a continuous map when the metric on V is the Hausdorff metric. 

Now the continuous image of compact set is compact, so F{A4) is compact. In particular any 
open cover of F{A4) has a finite subcover. 

Fix X e M, denote CovSpec{X) = {di,d2, - ■ ■ jd^}. Define Ux C V — Bpi^x){^h,x), where 
rh,x = /imin{di,(i2 - di, - ■ ■ ,dx - dw-i}. 

Note that Wh = [0, e) U lJjLi('^i ^ dj + e) is an open subset of [0, D], and for h < 1/2 this is 
a disjoint collection of intervals. For fixed e > choose h > very small so that m{Wfi) < e. This 
determines rh^x for each X. 

Now Ux form an open cover of F{A4), so there is a finite subcover. Let Uxi, ■ ■ ■ , Uxn be that 
finite subcover and let ti = rh^Xi and the j*'' element in CovSpec{Xi). Then 

S^ = BFixM'^^) = Ux,■ (9-6) 
So for every X ^ A4 there is an ? € 1, - ■ ■ , such that CovSpec{X) C Uxi — Si. I 
One can easily see that Example 19.41 also fails to satisfy this clumping phenomenon. 

Corollary 9.7 For all H e R, D > 0, n e N and for any e > 0, there exists N = N{e, H, D,n) eN 
and subsets Si, S2, ■ ■ ■ , Sn C [0, D] depending on e, H, D and n such that m{Si) < e and each Si is 
a finite set of intervals of the form: 

Ni 

S,^[0,e^)u\J{d)~e^,d)+e^), 

and such that for any compact manifold M" with diam{M) < D, Ric{M") > {n — 1)H 

3i e 1, • • • , AT, s.t. CovSpecM'^ C S^. (9.7) 

10 The Laplace spectrum 

In this section we discuss the relationship between the Laplace spectrum and the covering spectrum of 
a compact Riemannian manifold. Recall that the Laplace spectrum is defined as the set of eigenvalues 
of the Laplace operator. The elements of the Laplace spectrum are assigned a multiplicity equal to 
the dimension of the corresponding eigenspace. 

It was proven by Colin de Verdiere that the Laplace spectrum determines the length spectrum of 
a generic manifold jCdV| . A generic manifold is one with a "bumpy metric" in the sense of Abraham 
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and, given any Riemannian manifold, there is a nearby generic manifold which is close in the 
sense (XB) . In particular, negatively curved manifolds are generic in this sense |Ber| . The generic 
manifolds are known to have discrete length spectra Ber . Thus, the Laplace spectrum determines 
the length spectrum on negatively curved manifolds of arbitrary dimension. 

On Riemann surfaces, Huber proved the length and the Laplace spectrums determine each other 
completely Hu . Eberlein has shown that on two step nilmanifolds, the marked length spectrum 
determines the Laplace spectrum |Eb| . 

However, there are pairs of Laplace isospectral manifolds first constructed by Carolyn Gordon 
that have different length spectra when one takes multiplicity into account jGolj. 

The simplest result we can get from the above is 

Proposition 10.1 If M is a set of Laplace isospectral manifolds which are negatively curved, then 
there are only finitely many distinct covering spectra for the manifolds in this class. 

By Proposition It). 41 this implies that there is a uniform bound on the number of generators of 
the fundamental groups of these manifolds. However, this last fact was already known, since this 
class of manifolds is known to have only finitely many homeomorphism classes |BPPj . 

Another application is that complete length spaces in the GH closure of M have universal covers. 
Furthermore Cl{M) also has only finitely many distinct covering spectra and there is a uniform 
bound on the number of generators of the revised fundamental groups of these spaces. 
Proof: Since M ^ A4 are negatively curved and Laplace isospectral, they share the same length 
spectrum and this length spectrum is closed and discrete. They also have a uniform upper bound 
on diameter by PFF] . The covering spectra are contained in the length spectrum n[0, D] by Theo- 
rem Thus there are only finitely many possible covering spectra. I 

Since, as yet, all known examples of Laplace isospectral sets of manifolds share the same length 
spectrum not counting multiplicity, we make the following conjecture. 

Conjecture 10.2 If M is a set of Laplace isospectral manifolds which are with a uniform upper 
hound on diameter, then there are only finitely many distinct covering spectra for the manifolds in 
this class. 

In the following example we show that the Laplace spectrum does not determine the covering 
spectrum. In particular we find a pair of Laplace isospectral Riemannian Heisenberg manifolds which 
do not share the same covering spectrum. Note that Pesce has proven that all Laplace isospectral 
Riemannian Heisenberg manifolds have the same length spectrum not counting multiplicities Psj. 

Example 10.3 In \Golf . Gordon studied the Heisenberg manifolds which are of the following form: 
IIn(T,g) = {T\Hn,g) where 

r = Tr^s,c — {{x, y, u) e Hn : X £ TiZ X ... X r„Z, y e siZ x ... x s„Z, u e cZ} (10-1) 

where Hn is the (2n+l) dimensional Heisenberg group with multiplication 

{x, y, u){x', y', u') ^{x + x',y + y' , u + u' + xy') (10.2) 

and the metric g is a diagonal matrix with diagonal {ai, 02, • • • , On, ai, • • • , On, 1} with < ai < 02 < 
...On at Te(Hn). Notc that one needs T is a subgroup of Hn which is true iff ri,Si € cZ. 

Then the elements of the fundamental group of Hn{T, g) are elements of Hn of the form 
(rixi, • • • , r„a;„, si?/i, • • • , s„y„, cm) where Xi,yi,u G Bv ICrol^ Cor 2.9. if Xi or yi is not zero we 
have the simple formula: 



Y^a^irfx^ + s^yf). (10.3) 

2 = 1 



m{{rixi, • • • , rnXn, sij/i, ■ ■ • , s„?/„, cu)) 



\ 
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Otherwise 

m((0, • • • , 0,0, • • • ,0, cz)) = min{|cz|, (4j7rai(|cz|-j7rai))^/^ : j e Z,i = 1, - ■ ■ ,n, 2jnai < |cz|}.(10 

For a proof of 11U.4{ ) see \Ebf . Since (4j7rai(|cz| — jnai))^/^ is increasing in j for < j < , we 
have 

to((0, •• - ,0,0, •• -,0,02)) = min{ I C2 1, (47raj( I cz I - Tra,))^/^, i = 1,- • ^n} (10.5) 

and 

r7i(0, 0, cz) > m(0, 0, c) for all integers z. (10.6) 

Note that the elements [riCi, 0,0) and (0,3^6^,0) generate all the elements of T of the form 
{x,y,0), so the covering map is determined on these elements: 

/((rixi, ...r„a;„, Si?/i, • • • ,s„2/„,0)) G {i^/o^ri, ^^/a~Si : i = 1, • • • (10.7) 

Note also that (rjCi, 0, 0)(0, Sjej, 0) = (riCi, Siei,riSi), so these elements also generate elements in 
the center of the form (0, 0, kriSi). 

If c ^ kriSi for all i and integer k and m(0,0, c) ^ {^/alriT ^Jalsi : i = l,---,n}, hy l^lU.b}) 
/(O, 0, cz) — to(0, 0, c) and the covering spectrum is 

{^V^in, ^V^iSz, ^to(0, 0, c) : i = 1, • • • , n}. (10.8) 

When there is an i and an integer k such that c — kviSi and m(0,0, c) > max{y/airi, y/oiSi} for 
that particular i, then /(O, 0,cz) = max{ ^/alr^, ^/ajsi} for that particular i and then the covering 
spectrum is only {^^/alri, ^^/alsi : z = 1, • • • , n}. 

This is particularly interesting because Gordon states that two Heisenberg manifolds Hn(r',g') 
and Hn{T,g) are Laplace isospectral iff ai = a^, c = c! and {air^, • • • , a„r^, ais^, • • • , a„s^j} is a 
permutation of {ai(ri)^, • • • , a„(r^)^, ai(s']^)^, • • • , o„(s^)^}. Thus the only way to get an isospectral 
pair with different covering spectra is to have one which includes m(0, 0, c) and one which does not. 

Let ai = 1/8, 03 = 1/2 and c^l, by fTTT^)) m(0, 0, 1) = (7r/2(l - n/A))^/^ - .9767. 

// we take ri = 20, r2 — I, si = 10 and S2 — 1, then c = r2S2 cind 



m(0,0, c) > niax{\/ai'r2, ^0252} = l/v2, (10.9) 

so 

CovSpec{H2{r, c)) ^ {20/(2\/8) = 5\/2/2, l/(2\/2) = V2/4, 10/(2\/8) = 5\/2/4}. (10.10) 
// we take r'l — 2, r'2 — 10, s'l — 10, and s'2 ~ 1 then c 7^ rtSi for any i and 

CovSpec{H2{T' , c)) = {V2/4, 5\/2/2, 5\/2/4, l/2(7r/2(l - t:/A))^/^}. (10.11) 

It is easy to see that one can construct quite a number pairs of isospectral Heisenberg manifolds 
with different covering spectra in this manner. Interestingly Gordon's particular pair of isospectral 
Heisenberg manifolds with different length spectrum (counting multiplicity) |Golj [Ex 2.4 a] do share 
the same covering spectra: {1/2, 1}. So there are distinct pairs of Laplace isopectral manifolds that 
share the same covering spectrum. 

Next one questions what happens to the covering spectra in a continuous family of Laplace 
isospectral manifolds. Note that since Pesce has shown Laplace isospectral Heisenberg manifolds 
share the same discrete length spectrum, by Theorem 18.71 we know that a one parameter family 
of Laplace isospectral Heisenberg manifolds must share the same covering spectrum. Thus the two 
manifolds constructed in Example 110.31 are not joined by such a one parameter family. 

The most explored method of constructing Laplace isospectral pairs of Riemannian manifolds is 
using Sunada's method. Such isospectral manifolds are called Sunada isospectal pairs: 
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Definition 10.4 Sunada isospectral pairs of manifolds are pairs of manifolds Mi = M / Hi and 
M2 = M / H2 with IT : M ^ M/G is a finite normal covering and Hi are subgroups of G such that 
for any conjugacy class Gj C G, 



#(G,ni/i) = #(G,ni/2). 



(10.12) 



Sunada proved that these spaces are Laplace isospectral and length isospectral. 

A special case of Sunada isospectral pairs of manifolds are the Komatsu examples !Su', Example 



Example 10.5 A Sunada isospectral pair of manifolds is a Komatsu pair if Hi and H2 are any 
pair of finite groups of the same order with exponenets of the same odd prime p. Both are identified 
with a set S and they are embedded into the symmetric group on S using the left actions of the Hi 
on S . 

Now two permutations of the symmetric group are conjugate iff they have the same cycle decom- 
position (c.f. \Her^ ). So a conjugacy class Gi corresponds to a partition fj^S = pi + ... + Pk, where 
Pi > 1. Since Hi have exponents of order p, they only contain p cycles. And since they act on the 
left on S , their nontrivial elements must move every point in S , and thus they are complete sets of 
p cycles and they are all in the same conjugacy class: Gi corresponding to fj=S = p -\- p + .. -\- p. So 



and #{Hi H G^) = otherwise. 

Since every symmetric group can be shown to act by isometrics on some Riemannian manifold, 
this creates a Sunada isospectral pair. In particular, they can be constructed as a Sunada isospectral 
pair whose common finite cover, M , is a simply connected compact manifold. 

Proposition 10.6 Komatsu pairs of Sunada isospectral manifolds share the same covering spectrum 
which in fact consists of a single element. 

Proof: Let Mi = M/Hi and M2/H2 be the Komatsu pair with a common simply connected finite 
cover M. Let Mq — M/G where G is the symmetric group. 

Now let rrii : Hi —I- W he the minimum marked length map for Mi and to : G ^ M be the 
minimum marked length map for M/G. Note that mi{h) — inf^jgM duix, hx) — m(h). Furthermore 
"^(ffi) — '^(52) whenever gi and g2 are conjugate because this is the minimum length of a loop freely 
homotopic to a loop representing gi. 

However, every nontrivial element in either of the Hi is a member of the same conjugacy class 
corresponding to #5 = p + p + .. + p. So mi{hi) — m{hi) = m{h2) = TO2(/i2) for all nontrivial 
hi & Hi. Thus the covering maps are equal as well, and the only element in the covering spectrum 
is this m{hi). I 

Note that Komatsu pairs of Sunada isospectral manifolds do not necessarily have the same 
covering spectrum counting multiplicity. In Su. Ex 3], Hi — (Z/pZ)'^ has three generators and thus 
the only element in its covering spectrum must have multiplicity 3 while 



H2^ {a,b\ aP = bP = [aba-^b-^Y = e, a(a6a"^fo"^) = (a6a"^6"^)a, 6(a6a"^6"^) = (a6a"^fe"^)fe) 



has two generators and thus the only element in its covering spectrum must have multiplicity 2. 



3]. 



#{Hi n Gi) = #5 - 1 = #(i/2 n Gi) 



(10.13) 
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